
Hands on number 1: a one dimensional example.

The equation:
Let , , 

The equation we want to solve is a 1 dimensional diffusion equation with homogeneous Dirichlet boundary conditions:

.

1) Generate the database:

For every value of sigma, compute  snapshots by sampling uniformly in  the parameter space.

1.1) Define the direct solver:

Uniform mesh 1d piecewise linear finite element solver.

Example of usage:

1.2) Build two databases:

the first one, for , the second one for .

1.3) Compute the svd of the snapshots matrices:

Compute the eigenvalues, visualise them in a semi-logarithmic plot, Waht do you observe?

Remark:

remark here the difference in the decay of the singular values, as expected

1.4) A unique basis:

Compute a unique snapshot matrix by simply concatenating the two snapshots matrices

Compute the POD basis by performing the svd, visualise the spectrum

Interpretation:

The  energy of the snapshots with larger sigma is bigger as they have larger support. Hence, the first part of the spectrum is dominated by these snapshots and we
recover the same decay as the one with . In the second part, we have a stagnation, as we are not able to well approximate, with few modes, all the snapshots.

2) Classical POD Galerkin discretisation.

2.1) Code the classical POD Galerkin discretisation:

2.2) In-range and out-of range tests:

Perform here some tests of your choice, in-range and out of range, by using the three different bases, and compute the errors in  and  norms

Reamrk:

The performance of the method for this value of  is poor, the decay of the error is quite slow

Several tests can be performed, checking for worst case scenarion errors, the behaviour of the mixed snapshots obtained basis and so on...

CDI

In [3]: import numpy as np
import scipy as sp
from scipy.sparse import diags
import random as rn
import math
import sys
import copy

import matplotlib.pyplot as plt
from matplotlib import cm, colors
from mpl_toolkits.mplot3d import Axes3D

Ω = [−1, 1] Pµ = [−0.9, 0.9] σ = {0.1, 0.001}

−σ∂2
xuµ + u = exp(− )(x−µ)2

σ2

uµ(−1) = uµ(1) = 0

N = 15 µ

In [121… # Space resolution, including interval end points (-1,1):
xRes = 4097
x = np.linspace(-1.0, 1.0, xRes)
dx = 2.0/(xRes-1)

# Mass matrix:
mass_diag = (2.0*dx)/3.0*np.ones(xRes-2)
mass_extra = (1.0*dx)/6.0*np.ones(xRes-3)
Mass = sp.sparse.diags(mass_diag,0)
Mass += sp.sparse.diags(mass_extra,1)
Mass += sp.sparse.diags(mass_extra,-1)
Mass = sp.sparse.csr_matrix(Mass)

# Stiffness matrix:
stiff_diag = (2.0/(dx))*np.ones(xRes-2)
stiff_extra = (-1.0/(dx))*np.ones(xRes-3)
Stiffness = sp.sparse.diags(stiff_diag,0)
Stiffness += sp.sparse.diags(stiff_extra,1)
Stiffness += sp.sparse.diags(stiff_extra,-1)
Stiffness = sp.sparse.csr_matrix(Stiffness)

# Define the right-hand side function:
def rhs_fun(xPt, mu, sigma):
    val = 1.0/sigma * np.exp(-(xPt-mu)*(xPt-mu)/(sigma*sigma))
    return val

# Quadrature: 3 points Gauss-Legendre
nodes = [-np.sqrt(3.0/5.0), 0.0, np.sqrt(3.0/5.0)]
weights = [5.0/9.0, 8.0/9.0, 5.0/9.0]

# Define a function performing the quadratures.
# inputs: 
#  - a function which we can evaluate
#  - the number of elements
def quad_GL3(fun, nEl=xRes-1):
    int_val = 0.0
    w_0 = 0.5*dx*weights[0]
    w_1 = 0.5*dx*weights[1]
    w_2 = 0.5*dx*weights[2]
    
    # cycling over the elements:
    for iEl in range(nEl):
        # quadrature points:
        qPt_1 = -1.0 + 0.5*dx*(2.0*iEl+ 1)
        qPt_0 = qPt_1 + 0.5*dx*nodes[0]
        qPt_2 = qPt_1 + 0.5*dx*nodes[2]
        # sum:
        int_val += fun(qPt_0) * w_0
        int_val += fun(qPt_1) * w_1
        int_val += fun(qPt_2) * w_2
    
    return int_val

# Define a function which computes the right-hand side <f, v_i>:
def assemble_rhs(rhs_fun, mu=0.0, sigma=0.1, nEl=xRes-1):
    rhs = np.zeros(xRes-2)
    w_0 = 0.5*dx*weights[0]
    w_1 = 0.5*dx*weights[1]
    w_2 = 0.5*dx*weights[2]
    
    # cycling over the elements:
    
    # 1st element: contribution to dof 0, 1 basis function
    qPt_1 = -1.0 + 0.5*dx
    qPt_0 = qPt_1 + 0.5*dx*nodes[0]
    qPt_2 = qPt_1 + 0.5*dx*nodes[2]
    rhs[0] += rhs_fun(qPt_1, mu, sigma) * (qPt_1 - (-1.0))/dx * w_1
    rhs[0] += rhs_fun(qPt_0, mu, sigma) * (qPt_0 - (-1.0))/dx * w_0
    rhs[0] += rhs_fun(qPt_2, mu, sigma) * (qPt_2 - (-1.0))/dx * w_2
    
    # last element:
    qPt_1 = 1.0 - 0.5*dx
    qPt_0 = qPt_1 + 0.5*dx*nodes[0]
    qPt_2 = qPt_1 + 0.5*dx*nodes[2]
    rhs[xRes-3] += rhs_fun(qPt_1, mu, sigma) * (1.0-qPt_1)/dx * w_1
    rhs[xRes-3] += rhs_fun(qPt_0, mu, sigma) * (1.0-qPt_0)/dx * w_0
    rhs[xRes-3] += rhs_fun(qPt_2, mu, sigma) * (1.0-qPt_2)/dx * w_2
    
    # all the other elements:
    for iEl in range(1,nEl-1):
        # quadrature points:
        qPt_1 = -1.0 + 0.5*dx*(2.0*iEl+ 1)
        qPt_0 = qPt_1 + 0.5*dx*nodes[0]
        qPt_2 = qPt_1 + 0.5*dx*nodes[2]
        
        a = -1.0 + iEl*dx
        b = -1.0 + (iEl+1)*dx
        
        # product with the basis functions: global dof id = iEl-1, iEl 
        glob_id = iEl-1
        rhs[glob_id] += rhs_fun(qPt_1, mu, sigma) * (b-qPt_1)/dx * w_1
        rhs[glob_id] += rhs_fun(qPt_0, mu, sigma) * (b-qPt_0)/dx * w_0
        rhs[glob_id] += rhs_fun(qPt_2, mu, sigma) * (b-qPt_2)/dx * w_2
        
        glob_id = iEl
        rhs[glob_id] += rhs_fun(qPt_1, mu, sigma) * (qPt_1-a)/dx * w_1
        rhs[glob_id] += rhs_fun(qPt_0, mu, sigma) * (qPt_0-a)/dx * w_0
        rhs[glob_id] += rhs_fun(qPt_2, mu, sigma) * (qPt_2-a)/dx * w_2
        
    return rhs

# alternative version: approximate rhs_fun with its piecewise linear interpolation, and integrate.
def assemble_rhs_int(rhs_fun, mass_mat, mu=0.0, sigma=0.1, nEl=xRes-1):
    rhs_vec = rhs_fun(x[1:-1],mu,sigma)
    rhs = mass_mat.dot(rhs_vec)
    return rhs

# Define the solver:
def direct_solver(stiff_mat, rhs_fun, mass_mat, mu, sigma, nEl=xRes-1):
    
    # assemble the rhs:
    rhs = sigma*assemble_rhs(rhs_fun, mu, sigma)
    
    # solve the system:
    mat = sigma*stiff_mat + mass_mat
    sol = sp.sparse.linalg.spsolve(mat, rhs)
    
    return sol

# Plot the solution including the endpoints:
def plot_solution(sol):
    sol_to_plot = np.zeros(xRes)
    sol_to_plot[1:-1]=sol
    plt.plot(x,sol_to_plot)
    plt.xlabel("x")
    plt.ylabel("u")

In [133… sol = direct_solver(Stiffness, rhs_fun, Mass, 0.0, 0.1)

plot_solution(sol)
plt.show()

σ = 10−1 σ = 10−3

In [166… # We are going to compute the first database:
# - it is stored into a matrix of size: xRes-2 (number of degrees of freedom) times N_snap (number of snapshots)
# A_1: the snapshots matrix
N_snap = 64
A_1 = np.zeros((xRes-2, N_snap))
muVec = np.linspace(-0.9,0.9,N_snap)
for i in range(N_snap):
    mu = muVec[i]
    sol = direct_solver(Stiffness, rhs_fun, Mass, mu, 0.1)
    A_1[:,i] = sol

    
# we compute the POD
# choice of the scalar product: l^2 (small l^2)
# method: thin SVD (the matrix U is not nDof x nDof but nDof x N_snap)
# option imposed via the flag full_matrices=False
# not essential on this test case, worth remembering when dealing with realistic cases!

U1,S1,Vt1 = np.linalg.svd(A_1,full_matrices=False)

In [167… # Analogously, for the second case:
A_2 = np.zeros((xRes-2, N_snap))
muVec = np.linspace(-0.9,0.9,N_snap)
for i in range(N_snap):
    mu = muVec[i]
    sol = direct_solver(Stiffness, rhs_fun, Mass, mu, 0.001)
    A_2[:,i] = sol

    
U2,S2,Vt2 = np.linalg.svd(A_2,full_matrices=False)
plt.semilogy(S1/S1[0],"--ok")
plt.semilogy(S2/S2[0],"--ob")
plt.show()

In [168… #Use U,S,Vt = np.linalg.svd(A, full_matrices=False)
# to plot use: plt.semilogy(sigma,"--ok")

# Alternative:
# Consider the following functions if you want to compute modes by using a scalar product encoded by a 
# symmetric positive-definite matrix, in CSR or CSC format:
def covariance_mat(snap_mat, scal_prod_mat):
    nSnap = snap_mat.shape[1]
    C = np.zeros((nSanp, nSnap))
    for i_snap in range(nSnap):
        ith_snap = snap_mat[:,i_snap]
        tmp = scal_prod_mat.dot(ith_snap)
        for j_snap in range(i_snap+1):
            jth_snap = snap_mat[:,j_snap]
            val = np.dot(tmp, jth_snap)
            C[i_snap, j_snap] = val
            if(i_snap != j_snap):
                C[j_snap, i_snap] = val
    return C

# compute nModes POD modes: 
def compute_POD_modes(C, snap_mat, nModes = 5):
    nSnap = snap_mat.shape[1]
    nDof = snap_mat.shape[0]
    modes = np.zeros((nDof,nModes))
    # compute the eigenvalue decomposition of the covariance matrix:    
    e, vv = np.linalg.eig(C)
    e = e[:nModes]
    vv = vv[:,:nModes]
    # compute the POD modes
    for i_mod in range(nModes):
        for j_snap in range(n_snap):
            modes[:,i_mod] += vv[j_snap,i_mod] * snap_mat[:,j_snap]
        modes[:, i_mod] = modes[:, i_mod]/np.sqrt(e[i_mod])
    
    return modes

# These routines are potentially useful when computing the POD with the classical method, passing through the covariance matrix
# We can change easily the scalar product: discretisation of L^2, H^1...
# Worth considering when dealing with unstructured and quite anisotropic meshes. 
# Passing through the covariance is an alternative especially when we are interested in few modes. The svd is preferred
# for stability reasons:
# "Numerical linear algebra" Trefethen, Bau (SIAM)

In [170… # we concatenate the snapshots matrices and repeat the computation:
A = np.zeros((xRes-2,2*N_snap))
A[:,:N_snap]=A_1
A[:,N_snap:]=A_2

U,S,Vt = np.linalg.svd(A,full_matrices=False)
plt.semilogy(S1/S1[0],"--ok",label="s=0.1")
plt.semilogy(S2/S2[0],"--ob",label="s=0.001")
plt.semilogy(S[:N_snap]/S[0],"--or",label="combined")
plt.legend()
plt.show()

L2

σ = 0.1

In [171… # Write the code here:

# 1 - system matrix projection 
# Ar = sigma * U^T K U + U^T M U
def project_matrix(U, stiff, mass, sig, nModes):
    A_r = np.zeros((nModes,nModes))
    for i_mod in range(nModes):
        ithMod = U[:,i_mod]
        tmpK = stiff.dot(ithMod)
        tmpM = mass.dot(ithMod)
        for j_mod in range(nModes):
            jthMod = U[:,j_mod]
            A_r[j_mod,i_mod] = sig*np.dot(tmpK,jthMod) + np.dot(tmpM,jthMod)

    return A_r
# remark: both stiffness and mass are symmetric matrices. This loop could be made way more efficient.
# The use of for loops has been introduced to show the algorithmics. It could be coded more synthetically.

# 2 - projection of the rhs
# compute f, project it: U^T f
def project_rhs(U, rhs_fun, mu, sigma, nModes):
    basis = U[:,:nModes]
    f = sigma*assemble_rhs(rhs_fun, mu, sigma) # in rhs_fun the function is divided by sigma
    return np.dot(basis.T,f)
    

    
# 3 - solve the system, use np.linalg.solve (dense linear algebra solver).
sig_online = 0.1
mu = 0.7
nModes = 10

A_r = project_matrix(U1, Stiffness, Mass, sig_online, nModes)
rhs_r = project_rhs(U1, rhs_fun, mu, sig_online, nModes)

q = np.linalg.solve(A_r,rhs_r)
sol_r = np.dot(U1[:,:nModes], q)

# viasualise the solution and compare it to the full one:
sol_full = direct_solver(Stiffness, rhs_fun, Mass, mu, sig_online)

plt.plot(sol_full,"--k",label="full order")
plt.plot(sol_r, "-b",label="reduced order")
plt.legend()
plt.show()

L2 H 1

In [181… # Write the code here:
# When testing, we could be interested in several phenomena. We make the numbers of modes vary and check for the errors.

# 1 - basis obtained on the first database (sigma = 0.1)
sig_online = 0.1
nTest = 20
muVec = -0.9 + 1.8*np.random.rand(nTest)
n_max = 20

# we perform a statistical test over nTest randomly generated values, and record the mean L2 and H1 errors.
mean_L2_err = np.zeros(n_max)
mean_H1_err = np.zeros(n_max)
mean_relL2_err = np.zeros(n_max)
mean_relH1_err = np.zeros(n_max)
for i_test in range(nTest):
    mu = muVec[i_test]
    
    # compute the reference solution:
    sol_full = direct_solver(Stiffness, rhs_fun, Mass, mu, sig_online)
    
    # evaluate the solution norms to compute the relative errors:
    tmpM = Mass.dot(sol_full)
    tmpK = Stiffness.dot(sol_full)   
    L2_sol_norm = np.dot(sol_full, tmpM)
    H1_sol_norm = L2_sol_norm + np.dot(sol_full, tmpK)
    L2_sol_norm = np.sqrt(L2_sol_norm)
    H1_sol_norm = np.sqrt(H1_sol_norm)
    
    # Approximate it with a varying number of modes:
    for nModes in range(1,n_max+1):
        # compute the reduced solution with nModes:
        A_r = project_matrix(U1, Stiffness, Mass, sig_online, nModes)
        rhs_r = project_rhs(U1, rhs_fun, mu, sig_online, nModes)
        q = np.linalg.solve(A_r,rhs_r)
        sol_r = np.dot(U1[:,:nModes], q)
        
        # evaluating the errors:    
        err_field = sol_full - sol_r
        tmpM = Mass.dot(err_field)
        tmpK = Stiffness.dot(err_field)
        toAdd_L2 = np.dot(err_field, tmpM)
        toAdd_H1 = toAdd_L2 + np.dot(err_field, tmpK)
        
        mean_L2_err[nModes-1] += (1.0/nTest)*np.sqrt(toAdd_L2)
        mean_H1_err[nModes-1] += (1.0/nTest)*np.sqrt(toAdd_H1)
        mean_relL2_err[nModes-1] += (1.0/nTest) * np.sqrt(toAdd_L2)/L2_sol_norm
        mean_relH1_err[nModes-1] += (1.0/nTest) * np.sqrt(toAdd_H1)/H1_sol_norm
        
        
# plotting the mean relative errors in log scale:
plt.loglog(mean_relL2_err,"--ok",label="L2 relative error")
plt.loglog(mean_relH1_err,"--ob", label="H1 relative error")
plt.legend()

plt.figure()
plt.loglog(mean_L2_err,"--ok",label="L2 absolute error")
plt.loglog(mean_H1_err,"--ob", label="H1 absolute error")
plt.legend()
plt.show()

In [182… # 2 - basis obtained on the second database (sigma = 0.001)
# We perform the very same computation, but we use the sigma=0.001 and its associated basis:

sig_online = 0.001
nTest = 20
muVec = -0.9 + 1.8*np.random.rand(nTest)
n_max = 20

# we perform a statistical test over nTest randomly generated values, and record the mean L2 and H1 errors.
mean_L2_err = np.zeros(n_max)
mean_H1_err = np.zeros(n_max)
mean_relL2_err = np.zeros(n_max)
mean_relH1_err = np.zeros(n_max)
for i_test in range(nTest):
    mu = muVec[i_test]
    
    # compute the reference solution:
    sol_full = direct_solver(Stiffness, rhs_fun, Mass, mu, sig_online)
    
    # evaluate the solution norms to compute the relative errors:
    tmpM = Mass.dot(sol_full)
    tmpK = Stiffness.dot(sol_full)   
    L2_sol_norm = np.dot(sol_full, tmpM)
    H1_sol_norm = L2_sol_norm + np.dot(sol_full, tmpK)
    L2_sol_norm = np.sqrt(L2_sol_norm)
    H1_sol_norm = np.sqrt(H1_sol_norm)
    
    # Approximate it with a varying number of modes:
    for nModes in range(1,n_max+1):
        # compute the reduced solution with nModes:
        A_r = project_matrix(U2, Stiffness, Mass, sig_online, nModes)
        rhs_r = project_rhs(U2, rhs_fun, mu, sig_online, nModes)
        q = np.linalg.solve(A_r,rhs_r)
        sol_r = np.dot(U2[:,:nModes], q)
        
        # evaluating the errors:    
        err_field = sol_full - sol_r
        tmpM = Mass.dot(err_field)
        tmpK = Stiffness.dot(err_field)
        toAdd_L2 = np.dot(err_field, tmpM)
        toAdd_H1 = toAdd_L2 + np.dot(err_field, tmpK)
        
        mean_L2_err[nModes-1] += (1.0/nTest)*np.sqrt(toAdd_L2)
        mean_H1_err[nModes-1] += (1.0/nTest)*np.sqrt(toAdd_H1)
        mean_relL2_err[nModes-1] += 1.0/nTest * np.sqrt(toAdd_L2)/L2_sol_norm
        mean_relH1_err[nModes-1] += 1.0/nTest * np.sqrt(toAdd_H1)/H1_sol_norm
        
        
# plotting the mean relative errors in log scale:
plt.loglog(mean_relL2_err,"--ok",label="L2 relative error")
plt.loglog(mean_relH1_err,"--ob", label="H1 relative error")
plt.legend()

plt.figure()
plt.loglog(mean_L2_err,"--ok",label="L2 absolute error")
plt.loglog(mean_H1_err,"--ob", label="H1 absolute error")
plt.legend()
plt.show()

σ

In [183… # first basis, out of range:

# 1 - basis obtained on the first database (sigma = 0.1)
nTest = 20
sigVec = 0.1 + 0.1*(np.random.rand(nTest)-0.5)
muVec = -0.95 + 1.9*np.random.rand(nTest)
n_max = 20

# we perform a statistical test over nTest randomly generated values, and record the mean L2 and H1 errors.
mean_L2_err = np.zeros(n_max)
mean_H1_err = np.zeros(n_max)
mean_relL2_err = np.zeros(n_max)
mean_relH1_err = np.zeros(n_max)
for i_test in range(nTest):
    mu = muVec[i_test]
    sig_online = sigVec[i_test]
    
    # compute the reference solution:
    sol_full = direct_solver(Stiffness, rhs_fun, Mass, mu, sig_online)
    
    # evaluate the solution norms to compute the relative errors:
    tmpM = Mass.dot(sol_full)
    tmpK = Stiffness.dot(sol_full)   
    L2_sol_norm = np.dot(sol_full, tmpM)
    H1_sol_norm = L2_sol_norm + np.dot(sol_full, tmpK)
    L2_sol_norm = np.sqrt(L2_sol_norm)
    H1_sol_norm = np.sqrt(H1_sol_norm)
    
    # Approximate it with a varying number of modes:
    for nModes in range(1,n_max+1):
        # compute the reduced solution with nModes:
        A_r = project_matrix(U1, Stiffness, Mass, sig_online, nModes)
        rhs_r = project_rhs(U1, rhs_fun, mu, sig_online, nModes)
        q = np.linalg.solve(A_r,rhs_r)
        sol_r = np.dot(U1[:,:nModes], q)
        
        # evaluating the errors:    
        err_field = sol_full - sol_r
        tmpM = Mass.dot(err_field)
        tmpK = Stiffness.dot(err_field)
        toAdd_L2 = np.dot(err_field, tmpM)
        toAdd_H1 = toAdd_L2 + np.dot(err_field, tmpK)
        
        mean_L2_err[nModes-1] += (1.0/nTest)*np.sqrt(toAdd_L2)
        mean_H1_err[nModes-1] += (1.0/nTest)*np.sqrt(toAdd_H1)
        mean_relL2_err[nModes-1] += 1.0/nTest * np.sqrt(toAdd_L2)/L2_sol_norm
        mean_relH1_err[nModes-1] += 1.0/nTest * np.sqrt(toAdd_H1)/H1_sol_norm
        
        
# plotting the mean relative errors in log scale:
plt.loglog(mean_relL2_err,"--ok",label="L2 relative error")
plt.loglog(mean_relH1_err,"--ob", label="H1 relative error")
plt.legend()

plt.figure()
plt.loglog(mean_L2_err,"--ok",label="L2 absolute error")
plt.loglog(mean_H1_err,"--ob", label="H1 absolute error")
plt.legend()
plt.show()

In [235… # to find the nearest neighbor use the following:
# input: a scalar muPt and a list of scalar values nuList
# output: the element of nuList, and its id, which is the closes to muPt
def nearest_neighbor(muPt, nuList):
    nPt = len(nuList)
    min_dist = 1.0e16
    id_min = -1
    for i in range(nPt):
        dist_i = np.abs(muPt-nuList[i])
        if(dist_i<min_dist):
            min_dist = dist_i
            id_min = i
    return nuList[id_min],id_min

# example of usage:
#nuList = [0.0, 1.0, 3.0, 5.0, 7.0]
#muPt = 4.7
#nn, id_nn = nearest_neighbor(muPt, nuList)
#print(nn)

# let us build a coarse database:
N_snap = 16
sigma_CDI = 0.1
muVec = np.linspace(-0.9,0.9,N_snap)
A_1_CDI = np.zeros((xRes-2, N_snap))
for i in range(N_snap):
    mu = muVec[i]
    sol = direct_solver(Stiffness, rhs_fun, Mass, mu, sigma_CDI)
    A_1_CDI[:,i] = sol

# Piece-wise linear mapping, preserving the boundary values. 
# Phi(-1)=(-1), Phi(mu) = nu, Phi(1)=1
# first straight line: x + (nu-mu)
def direct_mappings(x, muPt, nuList):
    
    # find the nearest neighbor:
    nu_0, idNu_0 = nearest_neighbor(muPt, nuList)
    nu_1 = 0.0
    idNu_1 = 0
    if(muPt<=nu_0):
        idNu_1 = idNu_0-1
        nu_1 = nuList[idNu_1]
    else:
        idNu_1 = idNu_0+1
        nu_1 = nuList[idNu_1]
            
    
    xRes = x.shape[0]
    xMin = x[0]
    xMax = x[-1]
    
    
    # first mapping:
    mapping_0 = np.zeros(xRes)
    mapping_0[0] = xMin
    alpha = (nu_0-xMin)/(muPt-xMin)
    xPt = xMin
    idPt = 0
    while(xPt<muPt):
        xPt += dx
        idPt += 1
        mapping_0[idPt] = alpha*(xPt-xMin) + xMin
    # second part of the mapping:
    alpha = (xMax-nu_0)/(xMax-muPt)
    while(idPt<xRes-1):
        xPt += dx
        idPt += 1
        mapping_0[idPt] = alpha*(xPt-muPt) + nu_0
        
        
    # second mapping:
    mapping_1 = np.zeros(xRes)
    mapping_1[0] = xMin
    alpha = (nu_1-xMin)/(muPt-xMin)
    xPt = xMin
    idPt = 0
    while(xPt<muPt):
        xPt += dx
        idPt += 1
        mapping_1[idPt] = alpha*(xPt-xMin) + xMin
    # second part of the mapping:
    alpha = (xMax-nu_1)/(xMax-muPt)
    while(idPt<xRes-1):
        xPt += dx
        idPt += 1
        mapping_1[idPt] = alpha*(xPt-muPt) + nu_1
    
    return mapping_0, mapping_1, idNu_0, idNu_1

# define a function which maps a snapshot with a certain mapping:
# Remark: the dof are defined from -1+dx to 1-dx (Elimination of dof, Dirichlet B.C.)
# v = u(Phi_{nu})
def map_snapsot(x,snap, mapping):
    nDof = snap.shape[0]
    
    xMin = x[0]
    xMax = x[-1]
    first = xMin + dx
    
    mapped_snap = np.zeros(nDof)
    
    for i_dof in range(nDof):
        i_map = i_dof + 1
        x_mapped = mapping[i_map]
        
        # lower nearest:
        id_l = int(np.floor((x_mapped-xMin)/dx))
        
        alpha = (x_mapped-(xMin + id_l*dx))/dx
        
        if(id_l<nDof):
            mapped_snap[i_dof] = (1.0-alpha)*snap[id_l-1] + alpha*snap[id_l]
        else:
            mapped_snap[i_dof] = snap[id_l-1]    
       
    
    return mapped_snap 

# testing:
muPt = 0.52
# the list of parameters of the original snapshots:
muVec = np.linspace(-0.9,0.9,N_snap)
nuList = list(muVec)

map_0, map_1, id_0, id_1 = direct_mappings(x, muPt, nuList)
plt.plot(x,x,"--k")
plt.plot(x,map_0,"-b")
plt.plot(x,map_1,"-r")
plt.show()
    
# visualise the two snapshots and their interpolation in the location muPt:
map_snap_0 = map_snapsot(x, A_1_CDI[:,id_0], map_0)
map_snap_1 = map_snapsot(x, A_1_CDI[:,id_1], map_1)

plt.plot(A_1_CDI[:,id_0],"--k")
plt.plot(map_snap_0,"-k")
plt.plot(A_1_CDI[:,id_1],"--b")
plt.plot(map_snap_1,"-b")

plt.show()



3.1) Compare the CDI interpolation to the linear convex interpolation

3.2) Data augmentation with CDI

Remark:

The agreement between the projection error curves confirms that the CDI for data augmentation is extremely effective

3.3) Repeat the tests performed in 2.2

In [236… # Write here the code that, given two snapshots, compare the two interpolations

# compute the reference solution:
sol_ref = direct_solver(Stiffness, rhs_fun, Mass, muPt, sigma_CDI)

# linear interpolation:
nu_0 = nuList[id_0]
nu_1 = nuList[id_1]
alpha = 0.0
snap_lin = np.zeros(xRes-2)
if(nu_0<nu_1):
    alpha = (muPt-nu_0)/(nu_1-nu_0)
    snap_lin = (1.0-alpha)*A_1_CDI[:,id_0] + (alpha)*A_1_CDI[:,id_1]
else:
    alpha = (muPt-nu_1)/(nu_0-nu_1)
    snap_lin = (alpha)*A_1_CDI[:,id_0] + (1.0-alpha)*A_1_CDI[:,id_1]

plt.plot(sol_ref, "--k",label="reference")
plt.plot(snap_lin, "-b",label="linear interpolation")
plt.legend()
plt.show()

# do the CDI:
alpha = 0.0
snap_CDI = np.zeros(xRes-2)
if(nu_0<nu_1):
    alpha = (muPt-nu_0)/(nu_1-nu_0)
    snap_CDI = (1.0-alpha)*map_snap_0 + (alpha)*map_snap_1
else:
    alpha = (muPt-nu_1)/(nu_0-nu_1)
    snap_CDI = (alpha)*map_snap_0 + (1.0-alpha)*map_snap_1

plt.plot(sol_ref, "--k",label="reference")
plt.plot(snap_CDI, "-b",label="CDI")
plt.legend()
plt.show()

#s = mu−nu_0/(nu_1-nu_0) ;

In [245… # Write the code here which:
# augment the snashots matrices by adding interpolated snapshots

# for instance, let's add the mid-point:
nToAdd = N_snap-1
mu_CDI = np.zeros((N_snap-1))
for i_par in range(N_snap-1):
    mu_CDI[i_par] = 0.5*(muVec[i_par]+muVec[i_par+1])

# for every mu_CDI, compute the interpolated snapshots using CDI:
A_aug = np.zeros((xRes-2,2*N_snap-1))
A_aug[:,:N_snap] = A_1_CDI

for i_par in range(N_snap-1):
    muPt = mu_CDI[i_par]
    map_0, map_1, id_0, id_1 = direct_mappings(x, muPt, nuList)
    nu_0 = nuList[id_0]
    nu_1 = nuList[id_1]
    map_snap_0 = map_snapsot(x, A_1_CDI[:,id_0], map_0)
    map_snap_1 = map_snapsot(x, A_1_CDI[:,id_1], map_1)
    alpha = 0.0
    snap_CDI = np.zeros(xRes-2)
    if(nu_0<nu_1):
        alpha = (muPt-nu_0)/(nu_1-nu_0)
        snap_CDI = (1.0-alpha)*map_snap_0 + (alpha)*map_snap_1
    else:
        alpha = (muPt-nu_1)/(nu_0-nu_1)
        snap_CDI = (alpha)*map_snap_0 + (1.0-alpha)*map_snap_1
    
    A_aug[:,N_snap+i_par] = snap_CDI

# plotting the augmented database, in black, the original snapshots, in red, the added ones:
for i_snap in range(A_aug.shape[1]):
    if(i_snap<N_snap):
        plt.plot(A_aug[:,i_snap],"-k")
    else:
        plt.plot(A_aug[:,i_snap],"-r")   

plt.show()

In [254… # let's now compute the novel basis:
U_aug,S_aug,Vt_aug = np.linalg.svd(A_aug,full_matrices=False)

# let's perform a study on the ability to approximate the database A_1 (pure approximation)
# this is just a projection error study, norm l2 (the one used for the SVD)

n_max = 30

mean_l2_err = np.zeros(n_max)
mean_rel_l2_err = np.zeros(n_max)
mean_rel_l2_ref = np.zeros(n_max)

for i_tg in range(A_1.shape[1]):
    target = A_1[:,i_tg]
    norm_tg = np.linalg.norm(target)
    
    for nModes in range(n_max):
        basis = U_aug[:,:nModes]
        q_opt = np.dot(np.transpose(basis), target)
        reconstruction = np.dot(basis, q_opt)
        err_field = target - reconstruction
        mean_l2_err[nModes] += 1.0/(A_1.shape[1])*np.linalg.norm(err_field)
        mean_rel_l2_err[nModes] += 1.0/(A_1.shape[1])*np.linalg.norm(err_field)/norm_tg
        
        # reference, with the basis U1:
        basis = U1[:,:nModes]
        q_opt = np.dot(np.transpose(basis), target)
        reconstruction = np.dot(basis, q_opt)
        err_field = target - reconstruction
        mean_rel_l2_ref[nModes] += 1.0/(A_1.shape[1])*np.linalg.norm(err_field)/norm_tg

        
# plotting the relative error as function of the modes, in semilogy plot:
plt.semilogy(mean_rel_l2_ref,"--ok",label="basis U_1")
plt.semilogy(mean_rel_l2_err,"--ob",label="basis U_aug")
plt.show()
    
    

In [255… # We can now perform the integration tests, by repeating what we did before, just using the basis U_aug:
sig_online = 0.1
nTest = 20
muVec = -0.9 + 1.8*np.random.rand(nTest)
n_max = 20

# we perform a statistical test over nTest randomly generated values, and record the mean L2 and H1 errors.
mean_L2_err = np.zeros(n_max)
mean_H1_err = np.zeros(n_max)
mean_relL2_err = np.zeros(n_max)
mean_relH1_err = np.zeros(n_max)
for i_test in range(nTest):
    mu = muVec[i_test]
    
    # compute the reference solution:
    sol_full = direct_solver(Stiffness, rhs_fun, Mass, mu, sig_online)
    
    # evaluate the solution norms to compute the relative errors:
    tmpM = Mass.dot(sol_full)
    tmpK = Stiffness.dot(sol_full)   
    L2_sol_norm = np.dot(sol_full, tmpM)
    H1_sol_norm = L2_sol_norm + np.dot(sol_full, tmpK)
    L2_sol_norm = np.sqrt(L2_sol_norm)
    H1_sol_norm = np.sqrt(H1_sol_norm)
    
    # Approximate it with a varying number of modes:
    for nModes in range(1,n_max+1):
        # compute the reduced solution with nModes:
        A_r = project_matrix(U_aug, Stiffness, Mass, sig_online, nModes)
        rhs_r = project_rhs(U_aug, rhs_fun, mu, sig_online, nModes)
        q = np.linalg.solve(A_r,rhs_r)
        sol_r = np.dot(U_aug[:,:nModes], q)
        
        # evaluating the errors:    
        err_field = sol_full - sol_r
        tmpM = Mass.dot(err_field)
        tmpK = Stiffness.dot(err_field)
        toAdd_L2 = np.dot(err_field, tmpM)
        toAdd_H1 = toAdd_L2 + np.dot(err_field, tmpK)
        
        mean_L2_err[nModes-1] += (1.0/nTest)*np.sqrt(toAdd_L2)
        mean_H1_err[nModes-1] += (1.0/nTest)*np.sqrt(toAdd_H1)
        mean_relL2_err[nModes-1] += (1.0/nTest) * np.sqrt(toAdd_L2)/L2_sol_norm
        mean_relH1_err[nModes-1] += (1.0/nTest) * np.sqrt(toAdd_H1)/H1_sol_norm
        
        
# plotting the mean relative errors in log scale:
plt.loglog(mean_relL2_err,"--ok",label="L2 relative error")
plt.loglog(mean_relH1_err,"--ob", label="H1 relative error")
plt.legend()

plt.figure()
plt.loglog(mean_L2_err,"--ok",label="L2 absolute error")
plt.loglog(mean_H1_err,"--ob", label="H1 absolute error")
plt.legend()
plt.show()


